An extension of the differential demand system model is developed that allows the demand system's income and price responses to vary with income level. The model's income flexibility and marginal propensities to consume (MPCs) out of income are made functions of real income measured by the Divisia volume index. The income flexibility is a factor of proportionality underlying all price effects and a change in this term impacts the sensitivity of all demands to prices. Price effects are also made a function of the MPCs using a uniform substitute specification. The model was used to analyze the conditional demands for a group of beverages.
the own-price elasticity of food tends to decline. Timmer, as well as Theil, Chung and Seale, noted that own-price elasticities based on the linear expenditure system or quadratic expenditure system (Pollak and Wales) actually supported the opposite conclusion that price elasticities increase with income level. This conclusion is apparently related to the restrictive nature of these demand models and exemplifies the importance of a flexible demand specification. Theil, Chung and Seale developed and estimated a more flexible cross-country demand model and found that the own-price elasticity for food did tend to decrease as real income increased. More recent analysis by Bouis supports this finding. Given the conditional income variable for the beverage group considered in the present study differs from the broader definition of income used by Timmer and the other studies mentioned, there is no reason, however, to believe the previous findings that increases in income reduce the price responses should apply to the present study.
Model
Consider the utility maximization problem confronting consumers-how to allocate income over available goods. The solution is the affordable bundle of goods that yields the greatest utility. Formally, this problem can be written as maximization of u = u(q) subject to p'q = x, where u is utility; p'= (p 1 , . . . , p n ) and q' = (q 1 , . . . , q n ) are price and quantity vectors with p i and q i being the price and quantity of good i, respectively; and x is total expenditures or income. The first order conditions for this problem are Mu/Mq = λp and p'q = x, where λ is the Lagrange multiplier which is equal to Mu/Mx. The solution to the first order conditions is the set of demand equations q = q(p, x), and the Lagrange multiplier equation λ = λ(p, x). The Rotterdam demand model is an approximation of this set of demand equations and the model developed in this paper is an extension of this approximation. Analyses by Barnett, Byron and Mountain show that the Rotterdam approximation is comparable to other flexible functional forms such as the Almost Ideal Demand System.
Rotterdam Model
Following Theil (1975 Theil ( , 1976 Theil ( , 1980a , the Rotterdam model can be written as The parameter φ is a factor of proportionality, referred to as the income flexibility, and is equal to the reciprocal of the elasticity of the marginal utility of income with respect to income; φ is negative based on the assumption that U is negative definite for utility maximization (this result follows from the definition of Mλ /Mx in equation (A5), given λ > 0 and x>0). The term φ θ ij captures the specific substitution effect while the term -φ θ i θ j captures the general substitution effect (Theil, 1975) .
The general restrictions on demand (1) are (e.g., Theil 1975 Theil , 1976 Theil , 1980a (3a) adding up:
(3b) homogeneity: 3 j π ij = 0; (3c) symmetry:
Based on restrictions (3), the restrictions on Slutsky coefficient specification (2) are (4a) adding up:
(4b) homogeneity: 3 j θ ij = θ i ; (4c) symmetry:
The θ ij s are referred to as normalized price coefficients since by restriction (4a) they add up to one.
Extension
Consider making the income flexibility a function of income as suggested by Theil, and
Theil, Chung and Seale. Since the income flexibility is a factor of proportionality for all price effects, a change in this term results in a general change across all goods with respect to the sensitivity of demands to prices. Adding subscript t for time, the income flexibility is specified
where α is a coefficient to be estimated.
For the first observation (t=1), the parameter φ t is
For the second observation, φ 2 = φ 1 + α d(log Q 2 ), or substituting the right-hand side of
Successively substituting in this manner, the income flexibility at time t can be written as (5d) φ t = φ 0 + α dz t where dz t = 3 h=1 to t d(log Q h ).
The Divisia volume index indicates the period-to-period percentage change in real income (the weighted average percentage change in quantity demanded). Thus the term dz t can be viewed as a measure of the percentage difference between real income in period t and period 0.
Substituting equation (5d) into equation (2) and then equation (2) into equation (1) yields the first extended demand specification considered here, i.e.,
where the restriction 3 j θ ij = θ i has been used to eliminate θ i in the price term. The term 3 θ j d(log p j ) is known as the Frisch price index (Theil, 1980a) .
The other parameters of the model, the MPCs (θ i ) and normalized price coefficients (θ ij ), might similarly be made functions of income. An extended specification of the MPC is
where β i is a slope coefficient specific to good i and the subscript t here is for time (not to be confused with the second subscript used in the normalized price coefficients).
Following the income-flexibility progression from (5a) through (5d), the MPC can be written as
where 3 i θ i0 = 1 and 3 i β i = 0, based on restriction (3a).
A specification where the normalized price coefficients are functions of the varying MPCs (7b) is considered subsequently. Thus, changes in the MPCs will result in both changes in the income and price effects along with the above effect of the income flexibility on the general sensitivity of demand to prices.
Relationships with the Almost Ideal Demand System
The basic relationship between the Rotterdam model and the Almost Ideal Demand System (AIDS) was noted by Deaton and Muellbauer (1980a) (Barten, 1993) .
The AIDS can be considered a price extension of an Engel curve model proposed by
Working and Leser. This latter model can be written as
The AIDS adds to equation (8) the price term 3 j γ ij log p j and replaces the income term with log(x/p) where p is a price index, i.e., w i = α i +3 j γ ij log p j + β i log(x/p). Substitution of equation (10) into equation (1) results in the CBS model (Keller and van Driel; Barten, 1993) . This model has the income responses of the Working-Leser and AIDS models and the price responses of the Rotterdam model.
Consider the differential of equation (10) with respect to the log of income, i.e.,
or, based on equation (8),
When the AIDS specification of w i as a function of income and prices is used in the above derivations, we obtain
where dlog(x/p) is approximated by the Rotterdam income variable dlog(Q) as suggested by Deaton and Muellbauer (1980a) .
When the CBS-based equation (11d) Brown and Lee (2000) handled this particular problem by using the lagged budget share in the MPC specification. Equation (7a) is an alternative, direct specification that does not involve endogeneity per se.
Restrictions on the Relative Price Version of the Rotterdam Model
The relative price verison of the Rotterdam model including the present extension (6b) can not be estimated unless some restriction is place on the θ ij s (Theil, 1971) . In the absolute price version, the MPC (θ i ) can be identified from the income variable or Divisia volume index, and the Slutsky coefficients (π ij )can be identified from the price variables, provided the data used to estimate the model are rich enough. Defining the matrices θ = [
equation (2) can be written as π = φ(Θ-θ θ'). The problem is "can φ and Θ be determined given π and θ are known?" The answer, in general, is no. The solution for Θ, given π, θ and φ is Θ = π/ φ + θ θ'; when π and θ are known but φ is unknown different values of φ can be used to generate different values of Θ , but each set of estimates of φ and Θ would be consistent with the known π and θ. However, when one constraint is put on Θ, in addition to those for homogeneity and symmetry, the parameter φ can be estimated (Theil, 1971) . In this study, the restrictions underlying the uniform substitute model are placed on Θ. To examine alternative restrictions such as those resulting from separability, a reformation of the Rotterdam model is provided in Appendix B.
Uniform Substitute Model
Consider the Rotterdam model specific substitution term θ ij specified in equation (2).
This term equals the factor of proportionality, λ /(x φ), times p i p j u ij . Given u ij is the i,j Let G denote a group of goods-the different types of beverage products in this study. If the goods in this group were identical, the above marginal-utility changes for these goods would be the same, say k 0 ; i.e., M 2 u/M(p i q i )M(p j q j ) = k 0 , for i,j 0 G. Instead of being exactly identical goods, assume the goods are nearly identical with respect to key attributes but unique with respect to some. The nearly identical nature of goods i and j is assumed to result in generic type changes in the marginal utilities, as indicated by k 0 (the more one beverage is consumed and thirst is satiated, the lower the marginal utility of all beverages), while the unique nature of the goods are assumed to result in product specific changes (k i ) in the marginal utilities. These two concepts can be expressed by As shown in Appendix C, under the assumption that group G is block independent of other goods, the Slutsky coefficients for the uniform substitutes can be written as
where k is a positive parameter reflecting the commonality of the uniform substitutes in effecting utility; and θ G is the MPC for group G. For further discussion of this derivation, see Theil (1980a); and Brown and Lee (1993) .
Substituting (12) into (2), the Slutsky coefficients for uniform substitutes can be written
Conditional Rotterdam Model
Restrictions on consumer demand models, useful for empirical analysis, can be motivated through two-or multi-stage budgeting processes. In a two-stage budgeting process, a consumer first decides the amounts of income to allocate to broad groups of commodities (first stage), and then the amount allocated to each group is further allocated to individual goods in the group.
The second-stage demand equations for individual goods in a group are called conditional demands, being functions of the amount of income allocated to the group and the prices of the goods in the group. In the Rotterdam model, two stage budgeting is consistent with the imposition of separability restrictions on Slutsky coefficients (Theil, 1976) . The conditional
Rotterdam demand equations have the same general structure as the unconditional demands specified above, equations (1) and (6), except the real income variable or the Divisia volume index is based on income allocated to the group, the prices are those for the goods in the group, and the coefficients are conditional, being functions of the unconditional coefficients (e.g., Theil ,1976; Brown and Lee, 2000) .
Conditional Uniform Substitute Model
To obtain a conditional demand system for goods in group G (beverage products), an expression for the aggregate demand for group G is first obtained by summing the unconditional demand equations (1) over the goods in G, i.e.,
Rearranging (14), we find d(log Q) = [d(log Q G ) -3 j π G j d(log p j ) ] / θ G ; and substituting this result into (1) we find
where
At this point, the j subscript in equation (15) runs across all goods (j=1,…,n). However, under appropriate conditions, this equation becomes a conditional demand system for group G,
i.e., the j subscript only runs across goods in group G. For block independence, the assumption underlying the uniform substitute specification, the Hessian matrix is group or block independent and M 2 u /Mq i Mq j = 0 for i and j belonging to different groups. Thus, for i and j in different groups, the inverse element u ij = 0 and hence θ ij = 0. This result means that π i, j = -φ θ i θ j , i0 G, jó G.
As a result π ij
Hence, under block independence, equation (15) is the conditional demand for a good in group G.
For uniform substitute specification (13), the conditional Slutsky coefficient is
The parameter φ * is negative given φ is negative and 0 < θ G < 1.
Hence, for uniform substitutes, conditional demand equation (15) can be written as
The term 3 i 0 G θ j * d(log p j ) is known as the Frisch price index for group G (Theil, 1975 (Theil, , 1980a .
By dividing (17) by w G = 3 i0G w i , we obtain an alternative conditional demand specification,
where w i * = w i /w G ; d(log Q G * ) = 3 i 0 G w i * d(log q i ), a conditional Divisia volume index; and φ
In equation (18) 
Application
Conditional demands for beverages were studied using ACNielsen data based on retail scanner sales for grocery stores, drug stores, mass merchandisers along with an estimate of WalMart sales based on a consumer panel. 5 Twelve beverages were included in the model: 1) 100% orange juice (OJ), 2) 100% grapefruit juice (GJ), 3) 100% apple juice (AJ), 4) 100% grape juice (GRJ), 5) remaining 100% juice (RJ), 6) vegetable juice (VJ), 7) less-than -100% juice drinks (JD), 8) carbonated water (CW), 9) water (W),10) diet soda (DS), 11) regular soda (RS), and 12) tea (T). Data for dairy and non-liquid beverage products were not provided.
The data are weekly running from week ending July 27, 2002 through week ending August 13, 2005 (160 weekly observations). The raw data were comprised of gallon and dollar sales. In our application, quantity demanded was measured by per capita gallon sales which was obtained by dividing raw gallon sales by the U.S. population; prices were obtained by dividing dollar sales by gallon sales. Sample mean per capita gallon sales, prices and budget shares are shown in Table 1 . The infinitely small changes in quantities and prices in the differential models were measured by discrete first differences (Theil, 1975 (Theil, , 1976 . To account for seasonality, first differences of sine and cosine variables were included-sine(2πt/52) and cosine(2πt/52) where π = 3.14..., observation t = 1, ..., 160 and 52 is the number of weeks in a year . Average budget share values underlying the differencing were used in constructing the model variables---w Table 2 . The individual equation r-squares ranged from .47 (grapefruit juice and water) to .96 (regular soda). These measures, however, are not generally good indicators of goodness of fit, given the equation-system estimation method used (Bewley) . An alternative measure is the system r-square (Buse; Bewley) which was .994. Both the constant and slope coefficient estimates for the income flexibility and 18 out of the 24 (constant and slope) coefficients estimates for the MPCs were statistically significant at the α = .10 or smaller level.
Of the 24 seasonality coefficients, 13 were statistically significant.
The constant and slope coefficients for the income flexibility are both negative, implying that the conditional beverage demands are more sensitive to price as income increases. The MPC constants are all positive while the MPC slopes are negative, expect for juice drinks, water and tea, indicating that, except for these latter three beverages, the conditional MPCs decrease as income increases; for juice drinks, water and tea, the opposite occurs, as income increases, their
MPCs increase. Based on the MPC constant and slope estimates, the estimated value of the MPC for each beverage across the sample was in the zero-one interval. The income flexibility is also negative over the sample observations which, along with the MPC estimates, indicate that the estimated demand system satisfies the negativity condition of demand.
Conditional income (e i ) and price elasticity estimates (e ij ), calculated at sample mean budget share values, are shown in to .97 for apple juice. The own-price elasticities ranged from -1.37 and -1.47 for orange juice and carbonated water, respectively, to -2.25, -2.09 and -2.07 for diet soda, apple juice and regular soda, respectively. All the cross-price elasticity estimates are positive, reflecting substitution, although some are relatively small.
The impacts of income on the demand elasticities are illustrated in Table 4 . The income and own-price elasticities, calculated at the minimum, mean and maximum values of the income variable dz t * , are shown. The largest changes in the income elasticities are for water, apple juice, vegetable juice and grape juice, while the smallest changes are for diet soda, regular soda, orange juice and grapefruit juice. For water and diet soda, the income elasticities at the maximum income level are 154% greater and 10% less than the corresponding values at the minimum income level, respectively. All income elasticities decrease with income except those for juice drinks, water and tea which increase, following the directional changes mentioned above with respect to the individual beverage MPC changes.
The largest changes in the own-prices elasticities are for water, tea and apple juice, while the smallest changes are for grapefruit juice, remaining juice and orange juice. The water and tea own-price elasticities at the maximum income level are 169% and 133% greater in absolute value, respectively, than the corresponding elasticities at the minimum income level. The grapefruit juice own-price elasticity at the maximum income level is only 1% larger than its value at the minimum income level. The own-price elasticities for orange juice, grapefruit juice, juice drinks, water, diet soda, regular soda and tea increase with income, while those for apple juice, grape juice, remaining fruit juice, vegetable juice and carbonated water decrease with income. The various impacts of income on the demand elasticities may be of interest to analysts, marketers and planners in the beverage industry, monitoring and trying to understand the underlying causes for volume changes in the market. The budget shares, however, are endogenous, and their use as explanatory variables, in general results in an endogeneity problem, although for certain specifications (CBS) the problem can be handled by rearrangement of model terms. The present extension here is related to those suggested by Barten (1993) but avoids the latter endogeneity problems in that the income and price coefficients are specified as functions of changes in income level, reflecting the changes in the budgets shares due to this factor. Additional model flexibility is provided by also specifying the income flexibility underlying the price coefficients as a function of the change in income. To estimate the income flexibility, however, requires some restriction(s) on the normalized price coefficients of the Rotterdam model. In the present study, uniform-substitute-model restrictions are imposed.
The empirical analysis focuses on the conditional demands for beverages. The results indicate that income level does impact the MPCs, income flexibility and Slutsky coefficients.
The range of conditional income and price elasticities, based on the income level extremes of the sample, is relatively large. Such findings may be of interest for understanding changes over time in demands for products. The increased flexibility of the varying-coefficient specification of the uniform substitute model may also be of interest for analyzing other product groups dominated by substitution, and when the uniform substitute model is not applicable, the varying MPC and income flexibility specifications can still be applied provided appropriate restrictions on the normalized price coefficients can be made for identification.
Footnotes
1 The absolute price verion can also be derived from the difference version of the double log model by imposing the basic properties of demand-adding up, homogeneity of zero in prices and income, and symmetry (e.g., Deaton and Muellbauer, 1980b) . 
Appendix A
To obtain the Rotterdam model, totally differentiate the first order conditions of the utility maximization problem to find (A1) Udq = p dλ + λ dp (A2) p'dq = dx -q'dp, where U = [ M 2 u/Mq i Mq j ] , the Hessian matrix. This differential is known as the fundamental matrix equation of consumer demand theory (Barten, 1977; Phlips) .
Next, multiply (A1) by U -1 to obtain (A3) dq = U -1 p dλ + λ U -1 dp.
Result (A3) can be viewed as a partial demand system with the second term on the right-hand side (λU -1 ) being a matrix whose elements are known as specific price effects that show the effects of prices, given income compensations to hold both real income and the marginal utility of income (λ) constant (e.g., Theil, 1975 Theil, , 1976 . The uniform substitute model is based on the structure λU -1 .
To obtain a total demand relationship, solve for dλ by multiplying (A3) by p', substituting the right-hand side of (A2) for p' dq, and rearranging terms to find (A4) dλ= [(dx -q'dp ) -λ p' U -1 dp]/p' U -1 p .
Substituting (A4) into (A3), we obtain the total effects of prices and income on demand---Mq/Mp', Mq/Mx. We express these results below as Hicksian or income-compensated demand equations, i.e., (A5) dq = U -1 p [ [(dx -q'dp ) -λ p' U -1 dp ]/p' U -1 p ]+ λ U -1 dp , = Mq/Mx (dx -q'dp) + S dp ,
where Mq/Mx= U -1 p / p' U -1 p, Mλ/Mx= 1 / p' U -1 p, and S = λU -1 -(Mq/Mx) (Mq/Mx)' (λ/Mλ/Mx).
The term S is the price substitution matrix---S = Mq/Mp' + (Mq/Mx) q'. The term (dx -q'dp ) is real income.
Finally, multiply both sides of equation (A5) by p (symbol ^ over a vector indicates a diagonal matrix; off diagonal elements equal zero; diagonal elements equal the vector in question) and 1/x, pre-multiply dq by the identity matrix in the form of-1 , post-multiply q'
and S by p p -1 to obtain the Rotterdam model:
(A6) p q/x q -1 dq = p Mq/Mx (dx/x -q'p/x p -1 dp ) +( p S p/x ) ( p -1 dp).
The term p S p/x is known as Slutsky matrix, denoted by π. Given the definition of S in (A5), the Slutsky matrix can be written as
where φ= (Mlog λ /M log x) -1 .
In equation (1), Model (A6) is expressed more conveniently in terms of log changes, using the relationship dz/z = d log (z) for variable z.
Appendix B
Consider the price term without the income flexibility in equation (6b) 
Based on restriction (4b), θ ii = θ i -3 j …i θ ij . Substituting the right-hand side of this result for the first parameter θ ii of equation (B1) yields
or, simplifying,
Substituting result (B3) for
Equation (B4) is in a convenient form to impose separability restrictions on the cross-price parameters θ ij . For example, if good i is strongly separable from the other goods θ ij = 0 for j…i (Theil, 1971 (Theil, , 1976 . Likewise, if goods i and j belong to different weakly separable groups, say groups A and B, then θ ij = φ AB θ i θ j (Theil, 1976) , where φ AB is another factor of proportionality.
Theil's uniform substitute model assumes that all cross effects in (C5) are the same given similarity of goods, while own effects are unique. Formally, this assumption can be written as
where a is a vector of positive elements, k is a positive number and, ι is unit vector (column) and '
is the transpose operator. Since φ is negative, (C6) indicates that marginal utilities decrease with increased consumption. The i th element of the vector a equals k i (φ x/λ), and k = k 0 (φ x/λ).
The inverse of (C6) is
Given restrictions (4) and the assumption of blockwise independence, 3 j 0G θ ij = θ i for i0G; and 3 i0G θ ij = θ j for j 0G,. Hence, post multiplying (C7) by ι (summing columns ) yields
Also, pre multiplying (C8b) by ι' yields
or, after solving (C9a) for ι 'a, multiplying the result through by k, and adding one, we find
where θ G = ι'θ is the marginal propensity for group G.
Hence, result (C8b) can be written as 
